PRETENTIOUS MULTIPLICATIVE FUNCTIONS AND THE PRIME 
NUMBER THEOREM FOR ARITHMETIC PROGRESSIONS 

DIMITRIS KOUKOULOPOULOS 

Abstract. Building on the concept of pretentious multiplicative functions, we give a new 
and largely elementary proof of the best result known on the counting function of primes in 
^^ ' arithmetic progressions. 
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1. Introduction 



In 1792 or 1793 Gauss conjectured that the number of primes up to x is asymptotic to 
x/logx, as x — y oo, or, equivalentlju, that 



VKz) := ^2 A H '■= 5^ logp 



X (x — > oo 



^ <""] p prime, k>l 

In 1896 this statement, now known as the Prime Number Theorem, was proven independently 
by de la Vallee Poussin and Hadamard. Various authors improved upon this result and, 
currently, the best estimate known for ip(x), due to Korobov [Korj and Vinogradov [VI], is 

(1.1) ip(x) = x + ( xe -c(i°g*) 3/5 (k>gi°g-r 1/5 \ ( x > 3 ) ; 

for some constant c. This result is far from what we expect to be the truth, since the 
q \ Riemann Hypothesis is equivalent to the formula 

(1.2) ip(x) =x + 0(y/x~log 2 x) (x>2) 

(N ; (see jDil p. 113]). 

The route to relation (II. ip is well-known [Til Theorem 3.10]: Consider the Riemann ( 
function, defined by ((s) = J2 n >i V nS when 3fJ(s) > 1. The better upper bounds we have 

^ | available for ( close to the line 3?(s) = 1, the better estimates for ip(x) — x we can show. 

The innovation of Korobov and Vinogradov lies precisely on obtaining sharper bounds for (, 
which can be reduced to estimating exponential sums of the form ^2 N<n<2 N nlt - However, 
the transition from these estimates to the error term in the prime number theorem uses 
heavily the analyticity of the Riemann ( function. 

For several years it was an open question whether it is possible to prove the prime num- 
ber theorem circumventing the use of Complex Analysis. Philosophically speaking, prime 
numbers are defined in a very elementary way and there is no reason a priori why one 
should have to use such sophisticated machinery as the theory of complex analytic functions 
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to understand their distribution. So it was a major breakthrough when Selberg [Se] and 
Erdos |Er] succeeded in producing a completely elementary proof of the prime number the- 
orem, in the sense that their arguments made no use of complex variables. Their method 
was subsequently improved significantly by Bombieri [B] and Wirsing |Wij . and ultimately 
by Diamond and Steinig |DSj who showed that 



V>(x) = x + O ^ e -a°s-) 1/7 (iogiogx)^\ 



(Jurkat [Juj also announced a proof with 1/7 replaced by some unspecified constant, but 
his result was never published). Later, Daboussi [D] gave a different completely elementary 
proof of the prime number theorem in the equivalent form 



5>< 

n<x 



n) = o(x) (x — > oo) 



where /i is the Mobius function, defined to be (— 1)#{pH on squarefree integers n and 
otherwise. We refer the reader to \IK\ Section 2.4] and |Got IGrj for further discussion about 
the elementary and the analytic proofs of the prime number theorem. 

In the present paper we devise a new proof of (11.11) that uses only elementary estimates 
and Fourier inversion, thus closing the gap between complex analytic and more elementary 
methods. More generally, we give a new proof of the best estimate known for the number of 
primes in an arithmetic progression, which is Theorem 11.11 belowo Our starting point is a 
proof by Iwaniec and Kowalski |IK[ p. 40-42] that the Mobius function satisfies 

(1-3) 5>( n )«4 7T^vi ^ 2 ) 

*-^ logo; ) A 

n<x v ' 

for any fixed positive A (and hence that ip(x) = x + Oa(x/ (log x) A ) for all A). We improve 
upon this result by inserting into the proof some ideas from sieve methods together with 
estimates for exponential sums of the form ^jv<n<2Jv( n + u ) lt i essentially due to van der 
Corput [HI Chapter 5] and Korobov- Vinogradov |Wa| Chapter 2]. 

Theorem 1.1. Fix A > 0. For x > 1 and (a, q) = 1 with q < (logx)" 4 we have that 

A(n) = -^— + O ( xe -cAQos*) 9/ *Qosiogx)-v*\ 
6(a) V / 



\ '""" <>Ui) 

n<x 
n=a (mod q) 



for some constant ca, which cannot be computed effectively. 

Theorem 11.11 will be proven in Section [6] as a corollary of the more general Theorem 16.11 
As in the classical proof of Theorem ll.l[ in order to treat real Dirichlet characters and pass 
from Theorem 16.11 to Theorem ll.il we need Theorem 11.21 below, which is due to Siegel [SiJ. 
Pintz [Pi73j gave an elementary proof of this theorem, and in Section [5] we give an even 
simpler proof of it. 

Theorem 1.2. Let e G (0,1]. For all real, non-principal Dirichlet characters \ m °d Q we 
have that L(l,x) ^>e q e ; the implied constant cannot be computed effectively. 



In fact, this theorem does not seem to have appeared in print before, even though it is well-known to the 
experts. The needed zero- free region is mentioned in the notes of Chapter 9 of |Mo94] : deducing Theorem ll.il 
is then standard [Da( p. 120, 126]. See also |LZj . 
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Lying just underneath the surface of the proof of Theorem 11.11 there is a general idea about 
multiplicative functions, which partly goes back to Halasz |Ha71| IHa75] . Let / : N — > {z e 
C : \z\ < 1} be a multiplicative function, namely / satisfies the functional equation 

f(mn) = f(m)f(n) whenever (m,n) = 1. 

We want to understand when / is small on average, that is to say, when 

(1.4) 





£/(" 


) = o(x) 


(x 


— > OO 




n<x 








it 


for some 


fixed t E 


M. 


then 



First, note that if f(n) = n lt for some fixed t 6l, then (jl.4p does not hold. Also, if we 
tweak n lt a little bit, we find more counterexamples to ( II .4p . Halasz showed that these are 
the only counterexamples: unless / pretends to be n lt for some t € M., in the sense that 

»(/(p)p-" 



E 



< oo, 



V 



then relation (jl.4p holds. 

Letting / = /x in Halasz's theorem, we find that the prime number theorem is reduced 
to the statement that /i does not pretend to be n lt for any t. Recently, Granville and 
Soundararajan [GSJ carried out this argument and obtained a new proof of the prime num- 
ber theorem. The possibility that /i pretends to be n lt was excluded using Selberg's sieve. 
From a broad point of view, this proof can be also regarded elementary, albeit not com- 
pletely elementary, since implicit in the proof of Halasz's theorem is Plancherel's formula 
from Harmonic Analysis. Using a quantitative version of Halasz's theorem, due to various 
authors |Mo78| ITel IGS03J , this proof produces the estimate 

( L5 ) ^>(n)« ~ v^Ar+od) (S-XX>). 



n<x 



(logx) 1 " 2 /^ 1 ) 



The weak error term in (jl.5p is intrinsic to the method of Graville and Soundararajan. The 

generality of Halasz's theorem is simultaneously its Achilles' heel: it can never yield an error 

term that is better than x log log xj log x ( |MV01I GSJ). 

These quantitative limitations of Halasz's theorem were the stumbling block to obtaining 

good bounds on the error term in the prime number theorem using general tools about 

multiplicative functions. In [Kouj we develop further the methods of this paper and show 

how to obtain an improvement over Halasz's theorem for a certain class of functions /: we 

show that if 

x 

(logx)' 



E 

n<x 
(n,2)=l 



/W«A7T— Zu ^ 2 ) 



for some A > 7, then we have sharper bounds for the partial sums of /i • / than what Halasz's 
theorem gives us. In particular, if / does not pretend to be fi(n)n lt for some t £l, then 
we can show a lot of cancelation in the partial sums of /j ■ /. The key observation for the 
application to primes in arithmetic progressions is that a non-principal character x is very 
small on average. So using our methods we may show that /i • % is also very small on average, 
provided that \ does not pretend to be fi(n)n lt for some t 6 1, which, in more classical 
terms, corresponds to a suitable zero-free region for the L-function L(s, x) = J2 n >i x( n )/ nS 
around the point 1 + it. 



4 dimitris koukoulopoulos 

2. Preliminaries 

Notation. For an integer n we denote with P + (n) and P~(n) the greatest and smallest 
prime divisors of n, respectively, with the notational convention that P + (l) = 1 and P~(l) = 
oo, and we let r r {n) = V^ d -d =n ■'■• Given two arithmetics functions /, g : N — > C, we write 
f * g ior their Dirichlet convolution, defined by (/ * y)(n) = XL&=n f( a )9( )- The notation 
F C tt ,ii,... G means that |F| < CG, where C is a constant that depends at most on the 
subscripts a, b, ... , and F x a ,6,... G means that F -Ca.b,... C and G <C a ,& 7 ... F. Finally, we use 
the letter c to denote a constant, not necessarily the same one in every place, and possibly 
depending on certain parameters that will be specified using subscripts and other means. 

In this section we present a series of auxiliary results we will need later. We start with 
the following lemma, which is based on an idea in \IK\ p. 40]. 

Lemma 2.1. Let M > 1, D C C an open set, and s G D. Consider a function F : D — y C 
that is differentiable k times at s and its derivatives satisfy the bound \F^\s)\ < j\M^ for 
l<j<k. IfF(s) ^0, then 

(fc-i) 



F 1 
T 



k\ f 2M 

< — 



2 Vmin{|F(s)|,l} 



Proof. We have the identity 

-F'\ (fe_1) . , ,, v^ (-1 +01+02 + •••)! f-F' X 1 f-F" 



(=f) w = * ! E 



ai!a 2 !--- V l!F v W \2!F 



s — — [s 



ai+2a2H — =k 

which can be easily verified by inductionj. In order to complete the proof of the lemma, we 
will show that 

(2 1 x y^ {a 1 + a 2 -\ hQfc)! _ y^ fa 1 + a 2 -\ h a k \ _ fe _ 1 

^o fii. i. ai!a 2 !---a fc ! f-^ l ai, a 2 , . . . , a* / 

Indeed, for each fixed fc-tuple (ai, . . . , a*) G (N U {0}) fc with a x + 2a 2 + • ■ ■ + ka k = k, 
the multinomial coefficient ( ai a + ^ 2+ a flfc ) represents the way of writing k as the sum of a\ 
ones, a 2 twos, and so on, with the order of the different summands being important, e.g. if 
k — 5, ax — 1, a 2 — 2 and a 3 = a 4 = a 5 = 0, then there are three such ways to write 5: 
5 = 2 + 2 + 1 = 2 + 1 + 2 = 1 + 2 + 2. So we conclude that 

f a\ + o 2 H h flfe' 



E 



^{ordered partitions of /c}, 
ai,a 2 , . . . ,a fc 

ai+2a2H hka k =k x 

where we define an ordered partition of k to be a way to write k as the sum of positive integers, 
with the order of the different summands being important. To every ordered partition of 
k — &i+- • - + b m , we can associate a unique subset of {1, . . . , k} in the following way: consider 
the set B C {1, . . . , k} which contains {1, . . . , b±}, does not contain {b\ + 1, . . . , b\ + 6 2 }, 
contains {&i+6 2 + l, . . . , &1+&2+&3}, does not contain {6i+6 2 +fo 3 +l, . . . , &i+& 2 +&3+&4}, and 
so on. Then i? necessarily contains 1 and, conversely, every subset of {1, . . . , k} containing 1 
can arise this way. So we conclude that there are 2 fe ~ 1 ordered partitions, and ( 12. ip follows, 
thus completing the proof of the lemma. □ 



A similar identity for the derivatives of 1/F was used by Iwaniec and Kowalski |IK( p. 40] in their proof 
of (TO). 
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Below we state a result which is known as the fundamental lemma of sieve methods. It 
has appeared in the literature in many different forms (for example, see |HR4 Theorem 7.2]). 
The version we shall use is Lemma 5 in |FI78j . 

Lemma 2.2. Let y > 2 and D = y u with u > 2. There exist two arithmetic functions 
A ± : N -> [-1, 1] supported in {d G N fl [1, D] : P + (d) < y} and such that 

(A- * l)(n) = (A+ * l)(n) = 1 ifP~(n) > y, 
(A~ * l)(n) < < (A + * l)(n) otherwise. 

Moreover, if g : N — >■ [0, 1] is a multiplicative function, and either A = A + or A = A~, then 

In addition, we need estimates for the exponential sums Yl l N<n<2N^ nJrU ) lt wnen logiV <C 
log \t\. The best such result that is known is due to Ford |Fo[ Theorem 2], but its proof uses 
implicitly the zeroes of the Riemann zeta function (see Lemmas 2.1 and 2.2 in |Fo] ) . Instead, 
we use results from [Til Chapter 5] and |Waj Chapter 2] that are due to van der Corput and 
Korobov- Vinogradov, respectively, and have completely elementary proofs. 

Lemma 2.3. For t G R, < u < 1 and 2 < N < t 2 we have that 



jfe,v I 66852(log |t|)2j 



N<n<2N 

Proof. When iV < |t| 1//18 , the result follows by |Wa[ Satz 2, p. 57], since 



log \t\ 
logN 



19 log \t\ 
1< "' 



18 log AT 



for such N and 66852 > (19/18) 2 60000. Assume now that |t| 1/18 < N < \t\ 2 . Consider 
m G {1,2, ...,35} such that \t\^ < N < \t\m. Let k = [f + |J > 2, so that N k ~l < \t\ < 
N k ~i, and set K = 2 k ~ 1 > 2. Then we apply Theorem 5.9, 5.11 or 5.13 in [Til Section 5.9, 
p. 104-107] according to whether k = 2, k = 3 or k > 4, respectively, to obtain the estimate 

^ V (» + «)«< (R\^ + (N^\^ <<: i ^ c::p ( (fc-l) 2 (iogiv) 3 

^^ U fc J + V 1*1 J <<: iV^- eXP \ 2^ (log |*|)3 

Since 2 k+2 /(k - 7/4) 2 < 7050 for 2 < k < 19, the lemma follows in this last case too. □ 

Next, we show how to combine Lemmas 12.21 and 12.31 to estimate sums of x{ n ) n%t when n 
has no small prime factors. Here and for the rest of the paper we use the notation 

J 1 if x is a principal Dirichlet character, 
1 otherwise, 

and 

V t = exp {(log(3 + |t|)) 2/3 (loglog(3 + |t|)) 1/3 } (t G R). 
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Lemma 2.4. Let x be a Dirichlet character mod q and t 6 R. For x > y > V t 100 with x > q 4 
we have that 



E ,(„)„« = WM^ n U _ I) + o /*■-'""■">) 

s—" q l + it^J-y pj \ logy J 

n<x p<y ' ' 

P-(n)>y p\q 

Proof. We apply Lemma LT21 with D = (x/q) 1 ^ 20 > x 3 / 80 . We have that 

E X(n)n u = ]T(A+ * l)(n)x(n)n tt + O ( ^(A + * 1 - A" * l)(n) J 

n<x n<x \n<x / 

(2.2) p ~( n )>y 

= J2^ + (d)x(d)d u J2 x(mK 4 + o(^(A + (rf)-A-(rf)) 

d m<x/d \ d 



c/d 

For the error term, note that 

(2,) E (. +W - ,-(,)> [£j = , E mz^M + o ((,/,) v») « qj^, 

d a d a logy 

by Lemma 12.21 To estimate the main term of the right hand side of (j2.2p , we distinguish 
two cases. 

First, assume that x > qt 2 /c, where c is some large constant to be chosen later. Then 

E x{m)m » = r* d («*m> + 0(q) ) = mm <vf .;" + 0(g(1 + W)log .) 

7^,, A- V ? / g 1 + zt 

m<x/d 

= w»)(./r +0 e(x vs logx); 

g 1 + it 

since g(|t| + 1) <C C y 7 ^ < a; 5 / 8 . Inserting the above estimate and (12.31) into (j2.2p yields that 

E x(n)n « = WMf^ E ^MxM + a / 5/8+1/2 „ , + £^!l 

Si 1 l + it t d V log!/ 

P~(n)>y 

If 5(x) = 0, the first term on the right hand side of (12. 4ft vanishes trivially. Otherwise, x is 
principal and, consequently, 

E^r^= E ^ = (i +o (*-'<-->)) n(i 4) 

d (d,g)=l p<!/ V ^ 

Pt« 
g ^-3/ (80 log?,) 



p< y \ pJ \m) logy 



by Lemma 12.21 In any case, we have that 

E x(n) ,,« = wm^! n f , _ i u Gc f-'-f 80108 ") 

^ 9 ! + «*„<-,, V p/ V logy / 



n<x P<?/ 

P~(n)>i/ pfe 
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which completes the proof in this case. 

Finally, assume that x < qt 2 /c. Note that, since x > g 4 , we must have that t > \fc. 
Moreover, observe that, for 2 < N <t 2 and u G [0, 1], Lemma [2.31 implies that 

J2 (n + uf = 0(VN)+ Yl Yl {n + uf 

n<N-u l<2i<VN §^<n<^ 

Jtm* I 66852(log|t|)- J 

P [ 66852(log|£|) 2 J P \ 66852(log|£|) 2 J 

because the summands on the second line of the above relation decay exponentially in j by 
our assumption that N <t 2 . So for d < (x/q) 1 ^ 20 we have that 

£ *(n)n* = f>(a) £ n* = ^ X (a)9* £ + -)" 

n<x/d a=X n<x/d a=l 0<j< x / d ~ a 

n= a (mod q) 9 

x { \og 3 (x/ (dq)) 1 x f (logx) 3 






^rfg ^[ 66852(log|£|) 2 J ~ d * { 185000(log \t\) 2 

since x/(dq) > (x/g) 19 / 20 > x ' 7125 for d < (x/g) 20 and g < x 1 / 4 . Inserting this estimate 
and (J2.3P into (12. 2p . we deduce that 

-^ f (Wrl 3 1 r l-3/(801ogy) 

< 2 - 5 > g *<">"' «-"° E ^ eXP {- 185000(.o g | f |)4 + -H^— 

Lastly, observe that our assumption that y > V t 100 implies that 



100 ; T 

1/3 



logy . 100 log Vt 1nn f3 



(loglog^VSQogltDs/s - (log(1001og^)) 1/3 (log^l) 2/3 \2, 

as |t| — t- oo. Since \t\ > y/c, taking c large enough we find that logy > 100(loglogy) 1//3 (log |t|) 2 ^ 3 
and, consequently, 

(logx) 3 (togx\ 3 (logy) 3 /logx\ 3 logx 

> 2 loglogy > + loglogy. 



185000(log|t|) 2 \\ogyJ 185000(log |t|) 2 - \\ogy J logy 

Inserting the above inequality into ( 12. 5ft . completes the proof of the lemma in this last case 
too (note that the main term in the statement of the lemma is smaller than the error term 
in this case, since \t\ > ^cx/q > c 4 / 2 x 3 / 8 by assumption). □ 

3. Distances of multiplicative functions 

Given two multiplicative functions /, g : N — > {z G C : \z\ < 1} and real numbers 
x > y > 1, we set 

D(/ , 9; ^ ) = ( E i^VM») V2 . 

\y<p<x J 
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This quantity defines a certain measure of 'distance' between / and g. In particular, it 
satisfies the following triangle-like inequality [GS081 p. 207]. 

Lemma 3.1. Let /, g : N — > {z G C : \z\ < 1} be multiplicative functions and x > y > 1. 
T/ien 

D(l,/;y,a;)+D(l,(7;j/,x)>D(l,/(7;j/,x). 

It is possible to relate the distance of two multiplicative functions to the value of a certain 
Dirichlet series. Here and for the rest of the paper, given an arithmetic function / : N — > M., 
we let 

HsJ) = f:^ and L y (s,f)= £ /W 



ra=l 



n" 



P-(n)>y 



rr 



provided the series converge. 



Lemma 3.2. Let x, y > 2, t G R and / : N — > {z G C : \z\ < 1} 6e a multiplicative function. 
Then 

1 



log 



L, 1 + 



logx 



it,/ 



v- %(/(?)?"") | f?iM 



y<p<x 



P 



Proof. This result has appeared in the literature before, at least implicitly (see [Ell Lemma 
6.6 in p. 230, and p. 253] as well as [Te, p. 459-460]). The current formulation is due to 
Granville and Soundararajan [GSj . The proof follows by writing L y (l + 1/logx + it, f) as 
an Euler product and observing thatQ log |1 + z\ = %t(z) + 0(\z\ 2 ) for \z\ < 1/2, and that 



^ n i \ ^ i 



(3.i) 2^ i ~ ■ ' + > ■■■"■■ <<; ' ' 

by Chebyshev's estimate ^2 p<u logp <C w and partial summation. 



□ 



We conclude this section with the following lemma, which is a partial demonstration of 
the phenomenon mentioned towards the end of the introduction: if a multiplicative function 
/ : N — > U is small on average and it does not pretend to be fi(n)n lt for some t, then f(p) is 
small on average. 

Lemma 3.3. Let y 2 > y\ > y^ > 2. Consider a multiplicative function f : N — > {z G C : 
| z | < 1} such that 

<c\ogy (yi<x<y 2 ) 



L vo\ l (() o, r 



/ 



for some c > 1 and 



\f(n),n{n);y ,x) > Slog 



logo: 
logyo 



M {yi<x< y 2 ) 



for some 5 > and M > 0. T/ien 



E 

yi<p<V2 



m 

p 



<c,M 



Note that |/(p)/p s + f{p 2 )/p 2s +•••]< l/(p - 1) < 1/2 for p > y > 2 and 9fc(s) > 1. 
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Proof. Let s = a + it E C with a > 1 and t E R. Note that \f{p)/p s + f{p 2 )/p 2s H | < 

l/(p - 1) < I/ 2 for P > l/o > 2, so that 

-l 



1 + M + m + 



P 



P 



2 s 



i + 0(^) (P>y >2) 



Now, since L yo (s, f) = Y\ p>yo (l + f{p)/p s + f{p 2 )/p 2s + ■ • •), logarithmic differentiation yields 
the formula 



u 



yo , 



,yo 



/> = £ 



p>yo 



f(p)(\ogp)/p s + 2f(p 2 )(\ogp)/p 2s + ■ ■ 

1 + f^/ p s + f(p2)/ p 2s + . . . 



y> / 7(p)l0gP Q /^logP 



P>2/0 



JT 



>p | 7(p)iogp | Q 



P>2/o 



P 



logp 



i+o[- 



P 



,2rr 



£ /Cp^gP + (; , , , 



p>yo 



P 



Moreover, relation (13 .ip implies that 

y> /(p) = y^ 

y <p<z p>y 

Combining the above formulas, we find that 



/(P) 



P 



1+1/ log 2 



+ 0(1) (z>y ). 



V M = o(i) + V^L 

Z-^ p y ' £-~d pl + l/logl/2 ^ < p 

yi<p<y2 P>yo P>Vo 



^ /(P) 
Z_^ ^l+l/logj/i 



(3.2) 



p>yo 



P 



du 



ow + E^r. „..,.., 



yi 



pl/log« w l g 2 u 



f(p)\ogp du 



*-A-U -r / 2-^i „i+i/io g « 

J y i P >yo y 



0(1) 



V2 Jj 



y» 



yx -L'yo 



1 + 



ulog u 
I \ (III 

") J 



log u ' J J u log 2 u 
Moreover, Lemma [3.21 and our assumptions on / imply that, for u E [2/1,2/2]) we have that 

-1+5 



Lyo [ 1 + 7^— 

( logw 



../ 



Iog2/o\ friflftf \ 1 \ \\^ (logu 

expjD (f{n),/j,{n);yo,u)j > M 



logW 



log 2/0 



and 1 14,(1 + 1/logu, /)| < clog 2/o- Inserting these estimates into ( 13.21) . we conclude that 



E 



/(P) , P 2 /i \ / logM 

^^<c,Afl+/ log2/o' ' 



yx<v<yi r yi 

thus completing the proof of the lemma. 



1-5 



du n .. .r P 2 du 

log 2/0/ M(logM) 2 J u{\ogu) 1+d 6 



1 



n 



10 
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4. Bounds on Dirichlet L-functions 



In this section we list some essential estimates on the derivatives of L y (s, x) an d jf-{s, x)- 
We start with the following result, which is a consequence of Lemma [2.41 

Lemma 4.1. Let x be a Dirichlet character mod q, k G N U {0}, and s = a + it with a > 1 
and iel. For y > 3/2 we have that 



(4.1) 



fM + S¥n('-! 



q ^m. y p 

P<2/ 
pfa 



< 



fc!(clog(ygK)) 



fc+i 



logy 



In particular, if y > max {qVt, e* 5 ^/'*' } /or some fixed e > 0, then 
(4.2) \L^(s,x)\<^k\(c e \ogy) k . 

Proof. Set z = maxjj/, g 4 , V^ 100 } and note that 



{-l) k Lf\s lX )= E 



x(n)(logn) fc /(logz 



n>2 
^(«)>2/ 



n" 



,fc+i 



Moreover, Lemma 12.41 implies that 



n<u 
P-(n)>y 



— n i- 1 



q 1 — zt -"--"■ \ p 
p<y 
pf? 



logy 



+ i? t M 



with Rt(u) <C u 1 1 /( 301og?/ )/log|/ for u > z. Consequently, we have that 

/ 



£ 

n>z 
P-{n)>y 



x{n){\ogn) 



n s 



(\ogu) k 



d 



u° 



$(x)<I>(q) u 



\ 



1 - it 1 } V P 



p<y 

pt<? 



iU« 



Kx)<t>{q) 



pfe 






(iog„)'. rh+ /- (!25^ dfltM . 



U" 



U u 



Since 



(logjuf (log2:) fc ^(z) 



« u 



(logz) k a + k 



(log-u) (crlogw — k) 



(logW 



o-+l 



R t {u)du 



logy logy J z M ^+i/(30io gJ /) 

(logit) fc 



<iu 



(logz)^ o + k 



logy z u - 1 logy J x u 1+1 /(30io g y) 



-dw< (& + l)!(301ogz) 



by partial summation, and 



^ur du=r (^ui du+oi{logz)t+1] 



w 



k\ 



w 



(s-iy 



- + 0((logz 



,fc+i^ 
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''"'"" ^ — for all m > and integrating by parts 



by observing that (logu) m u~ s = (\ogu) m — — 4± ~ 
k times, relation (14. ip follows. Finally, relation (14. 2 p is a direct consequence of relation f 14 .11) . 
since \s — 1| > \t\ > e • <5(x)/logy under the assumption that y > e 6 "* 5 ^''*'. This completes 
the proof of the lemma. D 

The next lemma provides a lower bound on L y (s, x) close to the line 3?(s) = 1. 

Lemma 4.2. Fix e G (0, 1]. Let x be a Dirichlet character mod q, s = o + it with a > 1 and 
t El, and y > qV t . If \t\ > e/\ogy or if x is complex, then we have that \L y (s,x)\ x e 1- 
Finally, if x is a non-principal, real character, and \t\ < l/\ogy, then \L y (s,x)\ S> L y (l,x)- 

Proof. First, assume that either \t\ > e/ log y or x is complex. Equivalently, \t\ > e<5(x 2 )/logy. 
Note that for every x > y we have that 

2 • B( X (n), fi(n)n lt ; y, x) = D(l, x{n)fi{n)n u ; y, x) + 0(1, x{n)^{n)n lt - y, x) 

>B(l,x 2 (n)fj, 2 (n)n 2U ;y,x) = B(x 2 (n),n 2lt ;y,x), 

by Lemma [3.11 Mertens's estimate on Yl P <t Vp an d Lemma [3.21 imply that 



(4.3) 



( X (n),n l ;y,x) = log 



log 



logx 


logy 


logx 



logy 



+ 0(1 

+ 0(1) -log 



E 

y<p<x 



P 



1 + 



2it\ 



So, applying relation (14. 2 p with k = 0, we find that 

logy 



l ( X 2 (n),n 2lt ; yj x)>\oi 



logx 
0(1). 



+ 2it,r 



Inserting this estimate into H4.3J) . we deduce that 

B 2 (x{n),n(n)r^ t ;y,x) > ~ log ( ^ J +0(1) (x > y > max |g^,e e5(x2)/|t| }V 

The above inequality, and relation (14. 2 p with k = 1, allow us to apply Lemma 13.31 with 
Vo — Vi — V an d an Y y2 > y- So we conclude that 



(4.4) 



E 

y<p<x 



xip) 



p 



1+it 



<C 1 ( x > y > max 



{<M,e 



^(x 2 )/|t| 



The above relation for x = maxje 1 ^ " -1 ), y} and Lemma I3T21 imply that \L y (s, x)\ x 1, which 
completes the proof of the first part of the lemma. 

Finally, assume that x is a rea l> non-principal character, and that \t\ < 1/logy. Let 
x = max{e 1 ^ CT_1 ' ) , y} and z = min{x, e 1 /' 4 '} > y > qVt- Then we have that 



\p xip) 



z<p<x 



P 



<L 



trivially if z = x, and by relation (14. 4 p with z in place of y otherwise, which holds, since in 
this case z = e 1 /'*' > e s( - x )/'*'. So we deduce that 

Xip) v^ Xip) , n /,^ v^ x(p) + 0(|t|logp) v^ x(p) 



E 

y<p<x 



P 



1+it 



ES 



y<P<z 



P 



0(1)= £ x(p) + 0(|t|logp) +Q(1)= £ 



0(1, 



y<p<z 



P 



y<p<z 



P 
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Finally, for every w > z > qV t , we have that 



v^ x(p) , 

z^ — = lo § 



z<p<w 



p 



L z 1 + 



logw 



X 



0(1) < 0(1), 



by Lemma 13.21 and relation f!4.2[) with fc = 0. So 

»(x-(p) P -") 



E 

y<p<x 



P 



J2 ^ + 0(1) > £ *M + 0(1) (w>z). 



y<p<z 



V 



y<p<w 



V 



Lemma [3721 then implies that \L y (s, x)\ 3> L y (l + 1/ logw, x) f° r all w > z. Letting w — > oo 
completes the proof of the last part of the lemma too. □ 

L' 

Finally, we prove an estimate for the derivatives of jf-(s, x), which will be key in the proof 
of Theorem 11.11 

Lemma 4.3. Let x be a Dirichlet character mod q and s = o + it with a > 1 and t e IR. 
For every k e N we have that 



L) l ' Xj+ (s-l) fc 



< 



c/c log(gVt) 



Ax) + (i-s(x))\L qVt (s,x)\. 

Proof. Set ?/ = qVt and fix some constant e to be chosen later. We separate three cases. 

Case 1: a > 1 + e/logy. Note that S(x) + (1 - 8(x))\L qVt (s,x)\ < 1, trivially if 8 (x) = 1, 
and by relation f!4.2[) with k — if <5(x) = 0. Since we also have that 



r^ ^'g"^ 



for some Ci = Ci(e), the lemma follows 
Case £: |t| > e/logy. Note that 

£/\ (*-l) 



oo 

£E 

n=l 



AHQogn)^ 1 (fc-1)! , . . , k 

+ 7^ ^r< (eulogy)* 



n 



l+e/logj/ 



(e/logy) fc 



(4.5) 



I 



11 \ (fe ~ 1} 
( S ,x) = 0((c 2 Hog 2 /) fe ) + ( 7 ^) ( S , X ). 



Furthermore, relation ( 14. 2 p implies that |L^ (s,x)| < j^cslogy)- 7 for all j G N, for some 
c 3 — c 3( e )- Moreover, we have that \L y (s,x)\ x e 1 by Lemma [4. 2[ So Lemma [2.11 applied to 
F(s) = L y (s, x) yields that the right hand side of (14.51) is <C (c 4 fc \ogy) k for some c 4 = 04(e), 
and the lemma follows. 



Case 3: \s - 1| < 2e/logy. Let 



F(s) 



_ 1)<5(X) 



^.xinf 1 -^) 



-Hx) 



and observe that 



/ 1 \ -<Kx) 
F (i)( s ) = ( (s _ l^(x) L 0) (S;X ) + 5(x)iL 0-D (S)X) ) I] f 1 - "J « j!(c 5 log^', 

v<y 
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for all j G N, by relation (14. ip . So Lemma [2.11 implies that 



LyJ v ' A/ (s-l) fc V^/ V^MI-^*)!* 1 }, 

Together with f)4.5p . the above estimate reduces the desired result to showing that 
(4.6) min{|F( S )|, 1} x 5( X ) + (1 - S( X ))\L y (s, X )\- 

If S(x) = 0, then gSJ holds, since \F(s)\ = \L y (s,x)\ < 1, by relation (jOJ with fc = 0. 
Lastly, if «J(x) = 1, then \F(s)\ = l + 0(|s- 1| logy) = l + 0(e) by relation (g3J with fc = 
(note that Yl P < v »ig(l ~~ Vp) = 4 ) ( ( l)/ ( ly since y > g by assumption). So choosing e small 
enough (independently of k, q and s), we find that |-F(s)| x 1, that is, (14. 6p is satisfied in 
this case too. This completes the proof of (14. 6p and hence of the lemma. □ 

5. Siegel's theorem 

In this section we prove Theorem [T72J In fact, we will show a more precise result, originally 
due to Tatuzawa |Taj , from which Theorem 11.21 follows immediately: 



Theorem 5.1. Let e G (0,1]. With at most one exception, for all real, non-principal, 
primitive Dirichlet characters x, we have that L(l, x) ^ £Q~ e > where q denotes the conductor 
of X; the implied constant is effectively computable. 

Deduction of Theorem \1.S\ from Theorem \5.1[ Fix some e G (0, 1) and let ip e be the possible 
exceptional character from Theorem 15.11 Consider a real, non-principal Dirichlet character 
X mod q, and let Xi mod q 1 be the primitive character inducing x- We have that 

xi(p)\ . TH N <K<?) _ £(i,xi) 



L(l, x) = L(l, Xl )n(l-^>i(l,X 1 )-^» 

p\q 



logq 



So 



£(i,x)» 




if Xl = ^e 



logg [eq € if Xi ^ ipe- 

Moreover, Dirichlet's class number formula |Da| p. 49-50] implies that L(l,ip e ) > (see 
also [IK, p. 37] for a different proof of this statement, in the spirit of the proof of Lemma l5\2l 
below). So, in any case, we find that L(l,x) ^e Q~ e /logq. Since this inequality holds for 
every e G (0, 1), Theorem 11.21 follows. □ 

Before we give the proof of Theorem 15.11 we state a preliminary lemma. The idea behind 
its proof can be traced back to |Pi73| IPi76j . Note that some of its assumptions concern 
the behavior of L(s, f) inside the critical strip. However, the assumption that ^2 n<x f(n) <C 
x 4 /5 logx, together with partial summation, guarantees that L(s, f) converges (conditionally) 
for all s with 9f?(s) > 4/5. Hence we still use only elementary facts about Dirichlet series and 
no analytic continuation. 

Lemma 5.2. Let c > 1, r G N and Q > 2. Consider a multiplicative function f : N — > R 
such that < (1 * f)(n) < T r (n) for all integers n, and 



n<x 



<cx 4/5 logx (x>Q). 
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(a) IfL(l-r],f) > for some rj e [0,1/20], then L(l, f) ^> c ,rV/Q 2v - 

(b) There is a constant Cq depending at most on c and r such that L(a, f) has at most 
one zero in the interval [1 — Co/logQ, 1]. 

Proof. Before we begin, we record some estimates, which follow by partial summation. For 
^2 > A\ > Q, we have that 

v ' *s a 1 —*! A l / 5 ~v *s a l ~ ri 4 1 / 5 -'? ' 

A 1 <a<A 2 n l A 1 <a<A 2 n l 

and, for B > 1, we have that 



1 TDTj 1 re 

( 5 ' 2 ) J2- T^ = ^— + ^ + O(B^ 1 ), where 7, = 1 - (1 - rj) J 



b<B ' J1 



du. 



and 
(5.3) 

^logfo Bi\ogB B"-l , i ^f\ogB\ , f 0O {u}(l-0.-v)]ogu) J 

/ 71 — = o ^In+V "^l — > where 71= / aw. 

z_^ ^1-17 ^ ^2 "? yB 1 -^ J v J l u 2 ~^ 

(a) For x > Q 2 we have that 

y. (l*/)(n) _ y^ /(a) y^ 1^1 y- /(«) 

n<a a<-v/5 b<x/a fe<v^ ^/x<a<x/b 

a<y/x \ b<yfx 

ST f(a) (x/a) r '-l ( log 2 x \ 

by relations ( 15. ip and ( 15.21) . since |/| = |/i* (1 * /)| < r r +i- Finally, for A > yfx we have that 

y. /(a) (x/og - 1 = _ r A (x/^-1 ^ / y. /(o)\ <<; log 2 x 
2s a i-v n "~ J j- n \ 2s a i-v J c x i/w-v ' 



by integration by parts. Consequently, 



Si = — L(l, /) + 7. - - )L(1 - v, f) + O c , 



.2 



x v . . / 1\ / log X 



Note that S\ > 0, by our assumption that < 1 * / < r r . Since 7,, < 1 < I/77 for 77 G (0, 1), 
we readily find that L(l — T], f) ^> i]/Q 2ri by taking x = C\Q 2 for some sufficiently large 
constant c\ that depends at most on c and r. 

(b) Let j] G [0, 1/20] and x > Q 2 . We use a similar argument as in the proof of part (a) 
to compute 

_ >p (l*/)(n)logn __ >p /(a) >^ log(a6) >p 1 y> f(a) log(a6) 



n<x 



a<^/x b<x/a b<y/x ^/x<a<x/b 
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Relations ( 15. 2 j) and (15. 3p imply that, for 1 < a < x, we have that 

v^ log(o6) ^ 1 ^ log 6 / log(2x) \ 

/ — n = (log a ) > 71 H > TT — = g(a) + O . . ,' , 

fe<x/a 6<a;/a b<x/a \\ / S / 

where 

, .. . . ., , f(x/a) v — l \ n(x I a) n \og(x I a) — (xla) n + 1 , 
(5.4) (7(a) = (log a) f ^-^ + 7 J + -^-^ ^^ K - L - L + 7; 

5.5 = logx ^-^- + log a 7 - - - Li-^ + 7 ;. 

By Q, we find that 

(5.6) g(a) < log 2 (2a) + (x/o)" log 2 x, 

uniformly in a > 1, x > 1 and ?7 G [0, 1/20]. Moreover, differentiating (15. 5p with respect to 
a, we deduce that 

// s (\ogx)(x/a) ri 1 / 1^ (x/a) T 

c, ( a ) = + - 7»j 



a a v V/ V® 

(\ogx)(x/a)' n j v (x/a)' n — 1 log(2o) + (x/a^logx 
a a rja a 

uniformly in a > 1, x > 1 and 77 6 [0, 1/20]. Therefore 

_ y^ f(a)9(a) , n / (logx) 3 ^ _^ f(a)g(a) „ /(logx) 

- 2^ Q l-r, + ^c,r I xl/10 _^ i - Z^ l-„ + °V I x l/10- 
a<v^ V 7 0=1 V 

for all x > Q 2 , where the last estimate follows by relations (15. ip . (15. 6 p and (15. 7p together 
with partial summation. Furthermore, we have that 

g^ = »^^ i (l,/) + (i-T,) i '(l-r,,/) + (l + <) i (l-,,/). 

Since 5*2 > 0, by our assumption that 1 * / > 0, we conclude that 

o < "fr"^- V ./)+g -*) L'(i-r,,/) + (l + y,) W-n,f) + O v (^l 

Now, assume that L(l — 77, /) = for some 77 G [0, co/logQ)], where c a small constant 
to be chosen later, then setting x = e 1 ^ 2 ^ in (15. 8p . we find that 

< "7^(1, /) + Q - 7.) ^(1 " * /) + O c , r (^) . 

Also, part (a) implies that L(l, /) ^> r\jQ 2r] ^> 77. So there is some constant c 2 = 02(0, r) 
such that 

H L ' (1 -^? +0 -(^)^ 
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provided that c is large enough. Since 7^ < 1 < I/77 for 77 £ (0, 1), we conclude that 
L'(l-77,/)>0. 

We are now ready to complete the proof of part (b): let 

iF = {/3 G[l- c / log Q,l]:L(/3,/) = 0} 

and note that Jis a closed set under the Euclidean topology. Thus it cannot have any 
accumulation points, since L'(J3, f) > whenever /3 £ Z, from the discussion in the above 
paragraph (L'(a,f) is continuous for a > 4/5, so around every element of 3? there is an 
open neighborhood where L'(o~, /) > and, as a result, where L(o~, f) is strictly increasing^) . 
Now, assume that fa < fa are two consecutive elements of 3f, that is to say, there is no 
other element of 3f in (fa, fa). Then L(a, /) is strictly increasing in a neighborhood of fa 
and of fa. In particular, L(a, f) is positive in a neighborhood to the right of fa and negative 
in a neighborhood to the left of fa. But then the Intermediate Value Theorem implies that 
there must another zero of L(a, f) in the interval (fa, fa), which contradicts the choice of fa 
and fa. This shows that 3? can contain at most one element, thus completing the proof of 
the lemma. □ 

Proof of Theorem 1 5. 1\ Fix e £ (0, 1] and let 'af be the set of all real, non-principal, primitive 
Dirichlet characters. Note that if x (mod q) is an element of ^ for which L(o~, x) has no zeroes 
in [1 - e/40, 1], then L(l - e/40,x) > 0, by continuity. So Lemma ET^a) with Q = q 5/A 
implies that L(l,x) > c i e /? e 5 f° r some absolute constant C\ > 0. 

Now, assume that there are two distinct elements of ¥? , say \i (modgi) and X2 (modg2), 
such that L(l,Xj) < C2e/gj for j £ {1,2}, where C2 is some constant in (0, ci] to be chosen 
later. Then the discussion in the above paragraph implies that L(a, Xi) and L(a, X2) both 
vanish somewhere in [1 — e/40, 1], say at 1 — 771 and 1 — r/ 2 , respectively. Set q = max{g 1; q 2 } 
and / = Xi * X2 * XxXi- We shall apply Lemma 15.21 to / but, first, we need to bound its 
partial sums. We do so by Dirichlet's hyperbola method: Note that 

5^(xi * x%)ip) = J2 ^i( a ) Y **( b ) + Y X2 ^ Y xi ^ ^ Y q2+ Y qi - 2q ^- 

n<x a<^/x b<x/a b<^/x ^/x<a<x/b a<^/x b<sfx 

So for x > g 10 we have that 

Y^ n "> = Y (Xi*Xz)(k) Yl XiX2(m)+ Y XiX2(m) ^ (Xi*X2)(k) 

n<x k<(x/q) 2 / 3 m<x/k m<x i -l z q 2 l z (x / q) 2 / 3 <k<x / m 

< y^ T 2(k)q 2 + y^ q\/x/m < g 4/3 x 2/3 logo; < a; 4/5 log 2, 

k<{x/q) 2 / 3 m<x 1 /3g2/3 

that is to say, the hypotheses of Lemma 15.21 are satisfied with Q = q 10 and r = 4. Since 
L(a, f) = L(cr, xi)L (a, X2)L (a, X1X2) for a > 2/3, a formula which can be proven using 
Dirichlet's hyperbola method in a similar fashion as above, we deduce that L(l — 771, /) = 



5 This is a consequence of the Mean Value Theorem, but it can be also shown directly: Integrating 
term by term, we have that J2 n=1 f{n)n~ ai — J2 n =i f( n ) n ~ ai = — f& 2 E n =i f{n)(\ogn)n~ u du. So letting 
N — >• 00 then yields the formula L(<72, f) — L{cr\, f) = f 72 L'(a, f)da for 02 > ""l > 4/5, since the series 
J] n=1 /(n) (log n)/n <T converges uniformly in [<7i,<72], as it can be seen by partial summation. Hence if 
L'(a,f) > for all a e [ai,a 2 ], then L(a 2 , f) > L(ai,f). 
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L(l — i]2, f) = 0. So Lemma 15.2( b) implies that 77 := maxl^!,^} ^> 1/logg. Moreover, 
Lemma [5.2( a) and the inequality e x > x 2 /2, x > 0, imply that 

qzur) qe/z qe/z | Q g q 4^ 

However, our assumption on xi an d X2 and the standard bound L(l,xix) ^ log?? which 
follows by partial summation, imply that 

L(l,f) = L(l, Xl )L(l, X2 )L(l, XlX2 ) « ^(logg) < ^M, 

q\ q e 2 q e 

which contradicts (15. 9 p if c 2 is chosen to be small enough. So we conclude that there cannot 
be Xi (modgi) and X2 ( m odg 2 ), distinct elements of < ^ ? , such that L(l, Xj) < c 2^/<lj for both 
j = 1 and j = 2. This completes the proof of Theorem 15.11 □ 

6. Proof of Theorem 11.11 

As we mentioned in the introduction, we shall deduce Theorem 11.11 from the following 
more general result. 

Theorem 6.1. For x > 1 and (a,q) = 1 we have that 

y A(n) = 4- + O ( xe -****?<*to***rv* + 0^ (V-^ + ^(g)x 1 -^) 

^ 0(?) V V m) 

n=a (modq) 

where 77(g) = min{L g (l,x)/log(3g) : x rea l an d non-principal character mod q}. 

Deduction of Theorem \1.1\ from Theorem \6.1[ Fix A > 1. Note that if x is re& l an d non- 
principal, then 

L q (l, X ) _. r J L(a,x) rr A *(p)\ I _ L(1, X ) yj A x(p)\ ^ Hhx) 



3A 



Hm ^n 1-- =T^n 1-- >>t¥>>^ 

logg a^i+ ^ logg ^V P a ) \ l °SQ f^ q \ P J log q 

by Mertens's estimate and Theorem 1 1.21 So if x > e q , then we find that 77(g) ^$>a q" 1 ^ 3 ^ > 
(logx)" 1 / 3 . Combining this estimate with Theorem 16.11 completes the proof of Theorem ll.il 

□ 

Proof of Theorem \6.1[ For every x > 1 and (a, g) = 1, the orthogonality of characters implies 
that 

(«) £ A <">-^) = ^) £ *)Ew-)AW-*w) + oy. 

n<x rvy; rW ' x (mod g) n<x \r\HJ / 

n= a (mod q) 

Fix for the moment a character x mod g and set A x (n) = x(^)A(n) — 8( X ) and 

n=l 

We claim that, for fceN and s = a + it with er > 1 and t 6 R, we have that 

(G 0) F^(s) « /(^MffVt))* if |*| > l/log(3g), 

' ' ^ (c 4 Hog(3g)) fc M(x)~ fc otherwise, 
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where 

Mix)'- 



L q (l,x) if X is rea l) non-principal, 



1 else. 

Indeed, relation ( 14. ip with y = 3/2, q = 1, x( n ) = 1 f° r all n, and fc — 1 in place of k, implies 
that 



^% )+ tmtzM 



(s - l) k 
Together with Lemma I4.3[ this yields the estimate 

c 6 klog(qV t ) 



<^k\(c 5 logV t ) k . 



Ft%) « (; 



M + Q--8(x))\L qVt (8,x)\. 
Since V t x 1 for \t\ < l/log(3g), this reduces ( 16. 2ft to showing that 

(6.3) Kx) + (l-WfeM|x(' if|*l>l/log(3 g ), 

I M [x) otherwise. 

If, now, \t\ > l/log(3g) > 1/(3 \og(qV t )) or x is complex, then \L qVt (s,x)\ x 1 by Lemma I4.2[ 
so ( 16. 3 p follows. Also, if \t\ < l/log(3g) and x is principal, that is to say S(x) = 1, then we 
have trivially that S(x) + (1 — <$(%)) |L g y t (s,x)| = 1 = M(%), so ( 16. 3 p holds in this case too. 
Finally, if \t\ < l/log(3g) < 1 and x is real and non-principal, then 1.5 < V < V t < V\ < 3. 
In particular, \t\ < l/log(gVj), and thus Lemma [4.21 implies that 

8{x) + (1 - Hx))\L qVt (s,x)\ = \L qVt is,X)\ > L qVt il, X ). 
Since Vt G [1.5,3], a continuity argument implies that 

L, v ,(l,x)= ton ' " ' ' '"'' " ,.,..iii, > 1 '' 1 



f^.x) n (i-#)}=mi.x) n f 1 

l q<p<qV t v ^ y J 9<p<gVi v 



^ U ^ I <?<P<<?Vt V K 7 J q<P<qVt v r 

»£ 9 (i,x), 

which shows (I6.3P in this last case too. This completes the proof of (I6.2p . 

Next, for every integer k > 3 and for every real number y > 2, we apply relation ( 16. 2 p to 
get that 

/• (c 4 fclog(gK))* ^ j, ^c 4 A;log(3g^ ' 

Moreover, we have that 



|t|> * * 2 + 1 log(3g) V M(x) 

1 '— log(3g) 



^Hog^))^ /" (2c 4 fclogq) fc + (2c 4 fclog\4) fc ^ 



|t|> , L , 

I— log(3<j) 



f + 1 - ;. * 2 + 1 



(6.6) « (,^(3,))' + (o,*)* [ (■<* ')**(*«■<««)% 

/oo 
M 2fc/3 (logM) fc/3 e- u rfM. 
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The function u — > log(u 2k ^ 3 (logu) k ^ 3 e~ u ^ 2 ) is concave for u > 1 and its maximum occurs 

when mxL So 

/oo 
e- u/2 dn < (c 8 A;) 2fc / 3 (log(c 8 A;)) fc / 3 

for some c 8 > 1. The above estimate, together with relations (I6.5P and (16. 6p . implies that 
£ A x (n)(log „)*"' log I « y(c,k* log k)*<* + y(o.* log ,)* + ^ (^^^ 

< !/ (c S ^(lo gfc )" 3 )* + 2 y (£i2y|M " 

for some Cio > eg > 1, since M(%) <C 1, trivially if x is complex or principal and by 
relation (14.21) with k = and e = 1/2 otherwise. 
Now, set 



fe/2' 

, - ' I 1 I i\l-i \ It IV I-, 1 ' \ 1 i i .' i f, M IV I . i? / : ^ 



, / — - // c 9 fcV3(l ogA;) l/3 y/ 2 / Cl0 fclQg(3 g ) Y 

Vl0gX H log* J + v.M( X )logoJ 



and note that A(x) > %/*, since cgfc 5 / 3 (log A;) 1 / 3 > A; 5 / 3 (log 3) ^ 3 > k > x ^log*. We claim 
that 

(6.8) 5^A x (n)(logn)* : ~ 1 <A(a;)(logx) fc - 1 (x > 4). 

If A(x) > x/2, then (16. 8p holds trivially. So assume that A(x) < x/2. Applying ( 16.71) for 
y = x and y = x — A(x) and subtracting one inequality from the other completes the proof 
of (16. 8p . Relation (16. 8p and partial summation imply that 



J») = O(v^) + f ^d [J2K(n)(logn) k A 

n<x " V^ \ S ' \n<t J 



< 2 fc A(x) (x > 16). 
J^iog^ * y— y 

Thus choosing 

k x min {(logx) 3//5 (logloga;)~ 1//5 , (logx)M(x)/log(3g)} 
then yields the estimate 



(6.9) J2 A » « ^ Cl(logl) 3/5 (^ lo ^)- 1/5 + x 1 -<* A '(x>/i°B(3«) v 'b^ 



provided that a; is large enough, which also holds for small x trivially. Inserting ( 16. 9 p into ( 16. ip 
completes the proof of the theorem, since there are at most 2r2(q) real characters mod q (for 
every d\q, there at most 2 real primitive characters mod q of conductor d |Da| Chapter 

5]). ' * □ 

As a conclusion, perhaps it is worth noticing that, arguing along the lines of this paper 
and using some ideas going back to Halas^j, it is possible to prove a stronger form of Theo- 
rem O with x i-c4/i°s9 + x l - C5 ^ q) /(f){q) in place of x/Iogx (x l - C2/logq + T 2 (q)x 1 - C3 ^ q ' ) /<p{q)). 
Furthermore, the size of 7](q) can be related to the location of the so-called Siegel zero |Koul 



The factor ^/loga; can be removed by the argument leading to Theorem 1.4 in [Kouj . Finally, Theorem 
2.2 in |Kou) and Lemma 13.11 above can be used to show that, with at most one exception, we have that 
L q (l,x) 3> 1 for all real, non-principal characters x rnod q. This allows us to remove the factor T^q) too. 
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Theorem 2.5]. In particular, it is possible to show that 77(g) x 1/logg if there are no Siegel 
zeroes for any characters mod q. So using these elementary methods, we obtain a result 
which is analogous to the current state of the art on the counting function of primes in 
an arithmetic progression, originally achieved using the machinery of Complex Analysis. 
However, showing these improved results is considerably more technical and we have chosen 
not to include them in this paper in order to keep the presentation simpler. We refer the 
interested reader to |Kouj for more details. 
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